Let P c n denote the set of all algebraic polynomials of degree at most n with complex coefficients. Let P [−1,1] ≤ c 2 n k + 1 1/2 for all integers 0 ≤ k ≤ n, where the infimum is taken for all 0 ≡ P ∈ F c n,k having at least one zero in [−1, 1]. This is an essentially sharp reverse Markov-type inequality for the classes F c n,k extending earlier results of Turán and Komarov from the case k = 0 to the cases 0 ≤ k ≤ n. P ′ [−1,1] ≥ √ n 6 P [−1,1] 
For integers 0 ≤ k ≤ n let F c n,k be the set of all polynomials P ∈ P c n having at least n − k zeros in D + . Let f A := sup z∈A |f (z)| for complex-valued functions defined on A ⊂ C. We prove that there are absolute constants c 1 > 0 and c 2 > 0 such that
Introduction and Notation
Let P n denote the set of all algebraic polynomials of degree at most n with real coefficients Let P c n denote the set of all algebraic polynomials of degree at most n with complex coefficients. Let for all P ∈ P c n of degree n having all their zeros in the interval [−1, 1] . The examples P (x) = (x 2 − 1) m and P (x) = (x 2 − 1) m (x + 1) show that Turán's reverse Markov-type inequality (1.1) is essentially sharp, even though the multiplicative constant 1/6 in (1.1) is not the best possible. Note that the best possible multiplicative constant c = c n in (1.1) had been found by . Another simple observation of Turán [T-39] is the inequality
for all P ∈ P c n of degree n having all their zeros in the closed unit disk D ⊂ C. Malik [M-69] , , and Govil and Mohapatra [GM-99, Section 4] established extensions of (1.2) proving that
for all P ∈ P c n of degree n having all their zeros in the disk D(0, R) ⊂ C of radius R ≤ 1 centered at 0, and P ′ D ≥ n 1 + R n P D for all P ∈ P c n of degree n having all its zeros in the disk D(0, R) ⊂ C of radius R ≤ 1 centered at 0.
Let ε ∈ [0, 1] and let D ε be the ellipse of the complex plane with large axis [−1, 1] and small axis [−iε, iε]. Let P c n (D ε ) denote the collection of all P ∈ P c n of degree n having all their zeros in D ε . Extending Turán's reverse Markov-type inequality (1.1), III. tétel] proved that
where the infimum is taken for all P ∈ P c n (D ε ). Levenberg and Poletcky [LP-02] rediscovered this beautiful result. In [LP-02] they also proved that √ n 20 diamK ≤ inf P P ′ K P K for all compact convex set K ⊂ C, where the infimum is taken for all P ∈ P c n of degree n having all their zeros in K.
Let ε ∈ [0, 1] and let S ε be the diamond of the complex plane with diagonals [−1, 1] and [−iε, iε]. Let P c n (S ε ) denote the collection of all P ∈ P c n of degree n having all their zeros in S ε . It has been proved in [E-07] that there are absolute constants c 1 > 0 and c 2 > 0 such that
where the infimum is taken for all P ∈ P c n (S ε ) with the property
or where the infimum is taken for all P ∈ P c n (S ε ) with real coefficients. It is an interesting question whether or not the lower bound in the above inequality holds for all P ∈ P c n (S ε ). Another result in [E-07] shows that this is the case at least when ε = 1, that is, there are absolute constants c 1 > 0 and c 2 > 0 such that
where the infimum is taken for all (complex) P ∈ P c n (S 1 ). Motivated by the above results Révész [R-06b] established the right order Turán-type reverse Markov inequalities on convex domains of the complex plane. His main theorem contains the above mentioned results in [E-07] as special cases. It states that
for all P ∈ P c n of degree n having all their zeros in a bounded convex set K ⊂ C, where d(K) is the diameter of K and
is the minimal width of K. Révész' proof is also elementary, but rather subtle. Let P n,k be the set of all algebraic polynomials, with real coefficients, of degree at most n + k having at least n + 1 zeros at 0. That is, every P ∈ P n,k is of the form 
for all integers n ≥ 1 and k ≥ 1. Here c 3 = 1/12 is a suitable choice.
In [E-19] we also proved that there are absolute constants c 3 > 0 and c 4 > 0 such that
for all integers n ≥ 1 and k ≥ 1. Here c 4 = 1/8 is a suitable choice.
for all polynomials of degree n having all their zeros in the closed upper half-disk D + . For integers 0 ≤ k ≤ n let F c n,k be the set of all polynomials P ∈ P c n having at least n−k zeros in D + . In this paper we prove an essentially sharp reverse Markov-type inequality for the classes F c n,k extending the earlier results of Turán and Komarov from the case k = 0 to the cases 0 ≤ k ≤ n.
New Results
Our main result in this paper is an essentially sharp reverse Markov-type inequality for the classes F c n,k extending the earlier results of Turán and Komarov from the case k = 0 to the cases 0 ≤ k ≤ n. The upper bound of Theorem 2.1 below is quite a new result even in the case when the infimum is taken for polynomials P ∈ P c n having at least n − k zeros only in [−1, 1] rather than D + .
Theorem 2.1. There are absolute constants c 1 > 0 and c 2 > 0 such that 1] ≤ c 2 n k + 1 1/2 for all integers 0 ≤ k ≤ n, where the infimum is taken for all 0 ≡ P ∈ F c n,k having at least one zero in [−1, 1].
Theorem 2.1 follows from the results below. In fact, Corollary 2.3 below offers the explicit constant c 1 = 1/808 in a slightly modified form of the lower bound in Theorem 2.1.
Theorem 2.2. Let 1 ≤ k ≤ n/163000. We have 1] for all P ∈ F c n,k with at least one zero in [−1, 1]. Theorem 2.4. There is an absolute constant c 1 > 0 and there are polynomials 0 ≡ P = P n,k ∈ F 2n,2k of the form
We remark that the upper bound of Theorem 2.1 does not remain valid if we replace the closed upper half-disk D + with the closed unit disk D in the definition of F c n,k , not even in the case that k = 0. Given ε > 0, let m be the even integer for which 1/ε < m ≤ 1/ε + 2. We claim that for every ε > 0 and for every integer n ≥ 1 there is a P n ∈ P c mn of degree mn having all its zeros on the unit circle ∂D such that
To see this let P n ∈ P c mn be defined by P n (z) := (z m − 1) n . Observe that P n [−1,1] = 1 (as m is even), and the function
achieves its maximum on [−1, 1] at the point a ∈ (0, 1), where i
Lemmas
Our proof of Theorem 2.2 is based on the following two non-trivial results. Lemma 3.1 is proved in while the proof of Lemma 3.2 may be found in Section 7.2 of [BE-95].
Lemma 3.1. If Q ∈ F c n,0 and
where A := 70e is a suitable choice.
Lemma 3.2. If R ∈ P c k and
Our third lemma is a simple consequence of the Mean Value Theorem.
Lemma 3.3. If a function P is differentiable on [−1, 1], 1] ,
To prove Theorem 2.4 we need the following two lemmas. Lemma 3.4 below is stated and proved as Theorem 2.1 in [E-19] by using deep results from [B-85] and . Recall that P n−k,k , 0 ≤ k ≤ n, denotes the set of all algebraic polynomials with real coefficients, of degree at most n having at least n − k + 1 zeros at 0. 
for all integers 1 ≤ k ≤ n − 1. Here c 3 = 1/12 is a suitable choice.
Lemma 3.5 below is stated and proved as Lemma 3.2 in [E-19] .
Lemma 3.5. Let 1 ≤ k ≤ n − 1 and let S(x) := x n−k R(x) with R ∈ P k . We have
Lemma 3.6 below follows simply from Lemma 3.5.
Lemma 3.6. Let 1 ≤ k ≤ n/2 and let W (x) := (1 − x) n−k V (x) with V ∈ P k . We have
Proof of Lemma 3.6. Replacing n by 2n + 1 and k by 2k + 1 in Lemma 3.6 we get obtain that 
we get the conclusion of the lemma.
Proof of the Theorems
Proof of the Theorem 2.2. Let 0 ≡ P ∈ F c n,k , that is, P = QR, where P ∈ F c n−k,0 and R ∈ P c k . We have (4.1)
By Lemma 3.1 we have
that is,
Then, combining (4.1)-(4.7), we can deduce that
Note that 1 ≤ k ≤ n 163000 implies that (4.10)
Assume now to the contrary of the theorem that (4.11) 1] .
Choose x 0 ∈ [−1, 1] such that (3.1) holds. Observe that (4.9), (4.10), and (4.11) imply that there is a Combining (4.13), (4.8) and (4.14) we obtain
which contradicts (4.11). Hence (4.11) is impossible and the proof is finished.
Proof of Corollary 2.3. Let 1 ≤ k ≤ n. Suppose 0 ≡ P ∈ F c n,k has at least one zero in [−1, 1]. Choose a, b ∈ [−1, 1] such that P (a) = 0, and |P (b)| = P [−1,1] . By the Mean Value Theorem there is a c ∈ (−1, 1) between a and b such that 
Let 0 ≡ P = P n,k be defined by P (x) := R(x 2 ). Observe that P is of the form 1] or every y = x 2 ∈ [10(2k + 1)/n, 1], and hence there is an Observe that for a fixed positive integer n the function f (n, k) is decreasing on the set of integers 0 ≤ k ≤ n, and for a fixed nonnegative integer k the function f (n, k) is decreasing on the set of integers n ≥ k. So it is sufficient to show the upper bound of the theorem only for even numbers n = 2ν and k = 2κ satisfying 1 ≤ κ ≤ ν/2 in which cases the upper bound of the theorem follows from Theorem 2.4. 10
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